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Abstract. In this short note we show that the closed cone of moving 
curves NM(Jf) C Ni(X)m of a smooth Fano-threefold X is polyhedral. 

The proof relies on a famous result of Bucksom, Demailly, Paun and 
Peternell which says that the strongly movable cone is dual to the cone 
of pseudoeffective divisors. Finally, we relate the extremal rays of the 
cone of moving curves on a threefold with extremal rays in the cone 
of strongly movable curves on a birational model obtained by a Mori 
contraction. 
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1. Introduction 



In this paper we will give a very simple proof of the fact that the cone NM(A r ) 
of moving curves on a projective variety X is a closed convex polyhedral cone 
if X is a smooth Fano-threefold: 

Theorem 1.1. Let X be a smooth Fano-threefold and let ipi : X — » X{, 
i = l,...,k, be the divisorial contractions with exceptional divisors Ei C X 
corresponding to some extremal rays R+[?~i]> i = l,...,k, of the Mori cone 
NE(X) of X. Then 

NM(X) = {[c]e NE(X) \c-Ei>0, for all i = l,...,m}. 



In particular, NM(A r ) is a closed convex polyhedral cone in N\(X)i 
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This result has been claimed in a much more general setup in the paper 
|Bat92j by Batyrev and the preprint |Ara05] by Araujo, but see [Ara05l 
Remark 3.4]. 

To achieve Theorem 1 1.1 1 we will use a famous result |BDPP04i Theorem 2.2] 
of Bucksom, Demailly, Paun and Peternell. It says that the strongly movable 
cone SNM(A) C Ni(X)r of a projective variety X is dual to the cone 
Eff(X) C N 1 (X)^ of pseudoeffective divisors on X. 

Then we relate the extremal rays of the cone of moving curves on a threefold 
with extremal rays in the cone of strongly movable curves on a birational 
model obtained by a Mori contraction. 

We have learned that Alex Kiironya and Endre Szabo have independently 
proved in |KSj that the cone Eff(A) of pseudoeffective divisors on a projec- 
tive variety X is a finite rational polyhedron if AT is a smooth Fano-threefold. 
Therefore, one result implies the other by [BDPP04, Theorem 2.2]. 

1.1. Outline of the paper. In section [2] we will give the basic definitions 
and recall the Theorem of BDPP. In section [3] we will give a brief review of 
the minimal model program in dimension 3. We will prove the main claim 
of this note in section 0J In order to use MMP we want to take "pullback" 
and "pushforward" of 1-cycles. Therefore, we have to specify these notions. 
This will be done in section [5j 

1.2. Acknowledgements. The author would like to thank James 
M c Kernan for calling his attention to an error in a previous version of the pa- 
per. The author is grateful to the DFG and the Graduiertenkolleg "Globale 
Strukturen in Geometrie und Analysis" for their support. He would also 
like to thank Stefan Kebekus, Thomas Eckl, Vladimir Lazic and Sebastian 
Neumann for numerous discussions. 



2. Cones in the Neron-Severi spaces 

In the following section let A be a normal projective variety of dimension 
n. Numerical equivalence of M-divisors or 1-cycles will be denoted by = num . 

Definition 2.1 (Neron-Severi spaces). The vector space Ai(X)r of numer- 
ical equivalence classes of 1-cycles on X with real coefficients is called the 
Neron-Severi space of curves. The vector space A 1 (A)r of numerical equiv- 
alence classes of R-divisors on X is called the Neron-Severi space of divisors. 

Remark 2.2. The Neron-Severi spaces are finite-dimensional real vector 
spaces. By construction the intersection number of curves and Cartier divi- 
sors gives a perfect pairing 

N\X) R x Aq(X) M ->R, (D,c)hD. C £R. 

See |Laz04l Definition 1.4.25]. The dimension dim R (A 1 (A) R ) =: p(X) of 
A^ 1 (A)r is called the Picard number of X. 
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Definition 2.3 (Mori Cone). Let 

f m 1 

NE(A) := < > ai[c{] | Cj C A an irreducible curve, a{ > > C Ai(A)r 




\ i=i J 

be the convex cone spanned by all classes of effective 1-cycles on A. Its 
closure NE(A) C Ai(A)r is called the Mori cone of X. 

Definition 2.4 (Movable curve, strongly movable curve). A class 
7 € Ai(A)r is called movable or moving if there exists an irreducible curve 
c C X with 7 = [c] such that c = q is a member of an algebraic family 
{ct}teT C X of irreducible curves with \J teT ct = X. 

A class 7 E Ai(A)r is called strongly movable if there exists a projective 
birational mapping \x : X' — > A, together with ample divisors Al 3 A n _i 
on A', such that 7 = [//*(^4i PI ... n A n _i)]. 

Definition 2.5 (Moving cone, strongly movable cone). The closure 



of the cone generated by classes of moving curves on A is called the moving 
or movable cone of X. The closure 

SNM(A) := {7 i Ni(X) R | 7 a strongly movable class} C Ni(X) R 

of the cone generated by classes of strongly movable curves on A is called 
the strongly movable cone of X. 

Fact 2.6 (See [BDPP041 2]). The cones NM(A) and SNM(A) are closed 
convex cones in Ai(A)r. We have inclusions 

SNM(A) C NM(A) C NE(A). 

Definition 2.7 (Pseudoeffective cone). The pseudoeffective cone 

Eff(A) C N\X) R 

is the closure of the convex cone spanned by the classes of all effective R- 
divisors on A. 

Definition 2.8 (Extremal face). Let K C V be a closed convex cone in a 
finite-dimensional real vector space. An extremal face F C K is a subcone 
of K having the following property 

(1) if v + w € F for some v,w £ K, then necessarily v,w G F. 

A one-dimensional extremal face R of K is called extremal ray. 

Remark 2.9. A subcone with the property (JTJ) is often called " geometrically 
extremal" . 

Definition 2.10 (Extremal class). Let K be closed convex cone in A 1 (A)r 
or in Ai(A)r. A class 7 G K is called extremal class if the ray r = M + 7 
spanned by 7 is an extremal ray of K. 



NM(A) := {7 e Ai(A) K | 7 a moving class} C Ai(A) R 
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2.1. Two important theorems of BDPP. The next theorem is one of 
the main results in [BDPP04J. With this theorem the authors were able to 
give a characterization of uniruled varieties: a smooth projective variety X 
is uniruled if and only if Kx is not pseudoeffective. 

Theorem 2.11 (see [B DPP041 Theorem 2.2]). Let X be an irreducible pro- 
jective variety of dimension n. Then the cones SNM(X) and Eff(X) are 
dual, i.e. 

SNM(X) = {7 G iVi(X) R I 7 ■ D > 0, for all D G Eff(X)}. 

□ 

The following theorem shows why Theorem 12.111 is useful for our purposes. 

Theorem 2.12 (sec [BDPP04, Theorem 2.4]). Let X be an irreducible and 
smooth projective variety. Then the cones SNM(X) of strongly movable 
curves and NM(X) of moving curves coincide. □ 

Therefore, if X is a smooth projective variety, we can use the duality- 
statement of Theorem 12.111 for our purposes. 

3. The minimal model program in dimension 3 

In this section we want to give a brief review of the minimal model program 
in dimension 3. 

Even if X is a smooth variety, the minimal model program in dimension 3 
can produce singular varieties. Therefore, we have to introduce the notion 
of terminal singularities as a first step. 

Then we will state the Cone and the Contraction Theorem. Both theorems 
are essential for the following. 

3.1. The Cone and the Contraction Theorem. 

Definition 3.1 (Terminal singularities). A normal variety X of dimension 
n has only terminal singularities if 

i) Kx is Q-Cartier, i.e. there exists m £ N such that mKx is a Cartier 
divisor, 

ii) there exists a projective birational morphism / : Y — •*• X from 
a smooth variety Y such that all coefficients a,- of the exceptional 
divisors Ej of / in the ramification formula Ky = f*(Kx) + ^2 a jEj 
are strictly positive. 

Definition 3.2. A normal variety X is called Q-factorial if every Weil di- 
visor D on X is Q-Cartier, i.e. there exists m £ N such that mD is Cartier. 

Now we are able to state the Cone Theorem. 
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Theorem 3.3 (Cone Theorem, see |Mat02l Theorem 7-2-1]). Let X be a 

Q-factorial variety with only terminal singularities such that Kx fails to be 
nef. Then 

NEpO = m(X) Kx > + ^M+r,,, 

where NE(X)k x >q := {7 € NE(X) | 7 • K x > 0} and the ri are locally 
discrete classes in the half-space NE(X)x x <o := {7 £ NE(X) | 7 • K x < 0}. 

□ 

Remark 3.4 ( [DebOH Chapter 6.1 and 7.9]). The proof of the Cone The- 
orem given in [DebOlJ shows that for every ample R-divisor A and e > 
there are only finitely many extremal rays in the half space N\{X)k x +eA<o- 

This shows that NE(X) is a convex polyhedral cone if — Kx is ample. See 
[Laz041 Example 1.5.34]. 

Another important concept is the notion of an extremal contraction. 

Definition 3.5 (Extremal contraction). Let X be a Q-factorial variety with 
only terminal singularities. Then a morphism ip : X — ► Y is called an 
extremal contraction with respect to Kx if 

i) <p is not an isomorphism, 

ii) if c C X is a curve with 99(c) = pt., then c • Kx < 0, 

iii) all the curves contracted by ip are numerically proportional, i.e. 
ip(c) = pt. = <p>{d) => [c] = A[c'], for a suitable A € Q+, 

iv) <p has connected fibers with Y being normal and projective. 

Theorem 3.6 (Contraction Theorem, see |Mat02t Theorem 8-1-3]). Let X 

be a Q-factorial projective variety with only terminal singularities such that 
Kx is not nef. For each extremal ray M + r o/NE(JT) with r ■ Kx < 0, there 
exists a morphism (p r : X — > Y , called the contraction of an extremal ray 
BL + r with respect to Kx, such that 

i) <p r is an extremal contraction, 

ii) if c C X is a curve, then (p r (C) = pt. <^ [c] € M+r. □ 

Definition 3.7. Let ip : X — > Y be a birational morphism. Then there 
exists a birational map ip : Y — - > X such that <p o ip = idy and ip o ip = idx 
as rational maps. There exists a maximal open subset V C Y such that 
ip\y ■ y — > X is a morphism. For details see |Har77[ Chapter V.5]. The 
inverse image Excx(<^) := { P~ 1 (Y \V) C X of Y \ V under cp is called the 
exceptional locus of ip in X. 

Remark 3.8. There are three different types of contraction morphisms 
ip : X -> Y. 

(1) The morphism ip is birational. If codimxExcx(v 3 ) = 1) we sa Y f is 
a divisorial contraction or of divisorial type. 

(2) The morphism ip is birational. If codimxExcx(v 3 ) ^ 2, we say ip is 
a small contraction or of flipping type. 

(3) If dimY < dimX, we say <p is of fiber type. 
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In case (1) the exceptional locus Excx(v) consists of a unique irreducible 
divisor and Y is again Q-factorial with only terminal singularities. The 
morphism ip drops the Picard number of X by one, i.e. p(Y) = p(X) — 1. In 
case (3) X is a Mori fiber space. In case (2) the morphism ip is birational, 
but the canonical divisor Ky of Y is not Q-Cartier anymore. For details see 
[Mat021 Chapters 3 and 8]. 

Because of the existence of small contractions, we have to introduce the 
notion of flips. 

Conjecture 3.9. Let X be a Q-factorial projective variety with only termi- 
nal singularities and p : X — > Y a small contraction. 

(1) There exists a unique birational map (ft, from X to a Q-factorial 
projective variety X + with only terminal singularities, and another 
small contraction p + : X + —* Y such that the following diagram is 
commutative 



and K x + is p + -ample. We call the map (ft a flip of (p. 
(2) There is no infinite sequence of flips. 

This conjecture is proved in dimension 3, but it is still conjectural in higher 
dimensions. For details see [Mat02, Chapter 9]. The minimal model program 
for higher dimensions stands and falls with this conjecture. 

3.2. Minimal model program. 

(1) We start with a Q-factorial projective variety X with only terminal 
singularities. 

(2) We ask if Kx is nef. If the answer is yes, we call X a minimal model 
and stop the program. If the answer is no, we perform the next step 
of the program. 

(3) Since Kx is not nef, there exists a contraction p : X — > Y of an 
extremal ray M + r of NE(X) with r • K x < 0. Now, we ask if 
diml" < dimX. If the answer is yes, X is a Mori fiber space and we 
stop the program. If the answer is no, we perform the next step of 
the program. 

(4) We ask if codimxExc^) > 2. If the answer is no, Y is again 
Q-factorial and projective with only terminal singularities and we 
restart the program with Y instead of X. If the answer is yes, we 
perform the next step of the program. 

(5) By the existence of flips, we can flip the map ip and obtain a Q- 
factorial projective variety X + with only terminal singularities. We 
restart the program with X + instead of Y. 

Since the Picard number drops by one with every divisorial contraction and 
by the termination of flips, this procedure terminates and gives a minimal 
model or a Mori fiber space as result. 



X 



^X+ 




Y 
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4. The moving cone of a Fano-threefold 

Definition 4.1. A normal projective variety X of dimension 3 is called a 
Fano-threefold if its anticanonical bundle — Kx is ample. 

The following statement will be the technical basis for our main result. 

Proposition 4.2. Let X be a smooth Fano-threefold and let cpi : X — > Xj, 
i = 1, ...,k, be the divisorial contractions corresponding to some extremal 
rays R+fo], i = l,...,k, of the Mori cone NE(X) of X. If [r] € NE(X) 
is a class with r ■ Excx(^i) > 0, for all i = 1, fc, i/ien r • D > for all 
irreducible divisors D C X. 

Proof. By Theorem 13.31 NE(X) is a polyhedral convex cone spanned by 
finitely many extremal rays R+[rj], i = 1, ...,m. Theorem 13.61 guarantees 
the existence of a morphism 

ifi : X — > Xj, 

for every extremal class [r,/] of NE(X), contracting exactly R + [rj], i.e. con- 
tracting all curves c C X which are numerically proportional to rj. These 
contractions are either divisorial or of fiber type, because X is a smooth 
projective threefold. See [Mat02[ Example 8-3-8]. 

Assume that cpi is divisorial for i = 1, k < m and let £7j := Excx(v 3 i) C A 
denote the exceptional divisor which is contracted by (fi, for i = 1, k. The 
divisors are unique and irreducible. See |Mat02t Proposition 8-2-1]. 

Now let [r] £ NE(A) be an arbitrary class with 

(2) r ■ Ei > 0, for alH = 1, h 

and [D] € Eff(A) an arbitrary irreducible divisor class on X. Because of ([5]), 
we can assume that D ^ Ei, for all i = 1, k. Since NE(A) is polyhedral, 
we find an effective linear combination of the extremal classes [rj such that 

in 

M = ^Z a i[ r i]-, a i > 0- 
i=l 

Therefore, to finish the proof it is sufficient to show that D ■ n > 0, for all 
i = 1, m. 

So let i € {1, m}. 

Case 1: The contraction (fi, corresponding to the extremal class [rj, is of 
fiber type. The divisor D cannot contain all fibers of (fj. Hence 
there has to be a fiber F which intersects D properly or F n D = 0. 
Since all curves lying in fibers of fj are numerically proportional, we 
can take a curve c E -F and obtain < Ac • D = rj ■ D, for a suitable 
A G Q+. 

Case 2: The contraction <pi, corresponding to the extremal class [rj], is divi- 
sorial. If D n Ei = 0, we have rj • D = 0, since is contained in i^j. 
If D n -E"i 7^ 0, choose a curve r' C Ei such that r' is not contained 
in D and r' =num for ci suitable A ^> 0. This is possible, since 
D ^ E. L and Ei is the unique (!) irreducible divisor containing all 
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curves c C X which are numerically proportional to r^. We obtain 
< r ' ■ D = Xri ■ D. 

This concludes the proof. □ 

Now we will prove the main result of this note. 

Proof of Theorem li.il We want to prove that 

NM(X) = {[c] GNE(I) I c-Ei > 0, for all % = l,...,m}. 

By Theorem [27T21 we have NM(X) = SNM(X), since X is a smooth ir- 
reducible projective variety. Theorem 12.111 gives c • E% > for all classes 
[c] € SNM(X) = NM(I). Hence 

NM(I) C {[c] GNE(I) I c-Ei > 0, for all % = l,...,m}. 

Proposition 14.21 and Theorem 12.111 give 

NM(X) D {[c] GNE(I) I c-.Bi > 0, for all i = l,..,m}. 

□ 




Corollary 4.3. /n i/ie situation of Proposition \4~^ the following holds. Let 
[c] be an arbitrary extremal class o/NM(X). Then there exists a divisorial 
contraction ip : X — » X', corresponding to an extremal class r o/NE(X), 
smc/i i/iat c • Excx(v 9 ) = 0- ^ 



5. Numerical pullback of extremal classes 



5.1. Basic definitions and notation. This section is a short survey of the 
notions given in |Ara05 t Section 3]. A detailed treatment of pushforward 
and pullback of A;-cycles is given in [Ful98j. 

Notation 5.1. Let X and Y be Q-factorial varieties with only terminal 
singularities and (p : X — > Y be a proper morphism. 
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Fact 5.2. The pullback of Q-Cartier divisors on Y gives an injective linear 
map 

and the pushforward of Q-Cartier divisors on X gives a surjective map 

ip*:N\X) u ^N\Y)y> 
such that (p* o ip* = idjvi(y) R . See [Ara05, Definition 3.1]. 
Definition 5.3 (Numerical pullback and pushforward). Let 

be the dual linear map of the pushforward 9?* : JV 1 (X)k -» A^Y)^ of 
M-divisors on X and let 

p.i:Wi(x)R-»j\ri(y)R 

be the dual linear map of the pullback 93* : A rl (r")]g > A rl (X)iR of M-divisors 
on Y. We call 93J the numerical pullback via ip and 99*1 the numerical 
pushforward via ip. 

Remark 5.4. Every 1-cycle c 6 Ai(Y)r on Y can be considered as a linear 
map 

c : JV^FJr R, D^c-D. 

Therefore, the 1-cycle <p\{c) G JVi(X)k can be considered as the composition 
co Vt iJV^JTJr-^R, D'^c-<p*(D). 

In the same way 93*1(0') € Ai(Y)r can be considered as the map 
d o ip* : N\Y) R -► R, D^d- <p*(D) 

for every c' € JVi(X)k. This yields the following two statements. 

Lemma 5.5 (Projection formula). Lei 9? : X — > y 6e a proper morphism of 
complete varieties or projective schemes. 

i) J/cG JVi(y) R and D £ N 1 ^)^, then (p*(c) ■ D = c - <p*(D). 

ii) 7/c G iVi(X) K and L> G /^(Y)^ then c ■ ip* (D) = 99*1(0) ■ D. 

□ 

Lemma 5.6 ([Ara05, Remark 3.2]). T/ie composition 92*1092* is the identity 
map on Ai(Y)k and the numerical pullback via ip satisfies the following 
conditions. 

i) IfD G A X (Y) R and c G Ai(Y) M; iaen <p*{D) ■ ip\(c) = D ■ c. 

ii) If D G ker 92* and c G im^, then D ■ c = 0. 

□ 
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5.2. Numerical pullback of strongly movable extremal classes. Fi- 
nally, we want to propose a method to compute extremal rays of the moving 
cone of a smooth projective variety. It is based on ideas of Carolina Araujo. 
In |Ara05] she takes numerical pullback of curves lying in general fibers of 
Mori fiber spaces obtained by running the minimal model program. 

We want to run the minimal model program and take the numerical pullback 
of extremal rays of the moving cones of the obtained varieties successively. 
Since the varieties obtained can be singular, we have to consider the cone of 
strongly movable curves instead of the moving cone. Therefore, we show a 
correspondence between the extremal rays of the strongly movable cone of 
a Q-factorial projective variety and extremal rays of the strongly movable 
cone of a birational model obtained by a divisorial contraction. 

Theorem 5.7. Let X be a Q-factorial projective variety with only terminal 
singularities and ip : X — » Y a divisorial contraction of an extremal ray of 
NE(X). Then the following holds. 

A class c G iVi(Y)]R is an extremal class o/SNM(Y) if and only if the class 
<p*(c) G _/Vi(X)r is an extremal class o/SNM(X). 



Proof. Step 1. Let c G Ni(Y)hl be an extremal class of SNM(Y). We want 
to prove that <p\{c) G Ni(X)$t is an extremal class of SNM(X). 

Let D G Eff(X) be a effective divisor class on X. The projection formula 
15.51 gives 

tpt(c)-D = c-<p*(D). 

Since (p*{D) is again effective and c G SNM(Y), Theorem 12.111 says 
p*(c) • D > and hence ^f(c) G SNM(X). 

Now let v,w G SNM(X) be arbitrary classes with v + w G WL+cp*(c) and let 
E := Excx(v) C X be the exceptional divisor, which is contracted by ip. 
Thanks to Lemma 15.61 ii). we have 

= <pl(c) - E = X(v + w) • E, 

for a suitable A € R+. Therefore, v ■ E = —w ■ E and since E is effective, 
again by Theorem 12 . 1 1 1 we find < v • E = —w ■E<0^v-E = = w- E. 
This implies 

(3) v = <p*(tp*i{v)) and w = </>*(v?*i(u>)) . 

Now let D' G Eff(y) be an effective divisor class on Y. Then ip*(D') is again 
effective. Together, the projection formula and Theorem 12.111 give 

ip^v) . D' = v ■ ip*{D') > and p*i(w) ■ D' = w ip*{D') > 0. 



Hence G SNM(y). 
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If D G A^ 1 (y)]g is a divisor class on Y, we find 

((f*i(v) + (p*i(w)) ■ D = <p*i(v + w) ■ D 

= \<p\{c).<p*(p) 



Hence (<p*i{v) + tp*i(w)) G M+c. Since c G SNM(y) is an extremal class, 
<p*i(v),<p*i(w) G M + c. Now, for suitable G K+ and l) € A rl (X)iR an 
arbitrary divisor class on X, the following holds: 



ip*(c) ■ D = c • ip*(D) = n'cp*i(w) ■ <p*{D) = fi'(pl((f*i(w)) ■ D = //u; • D. 



This implies u, u; G M+<^(c). So, ^i(c) € SNM(X) is an extremal class. 



Step 2 of the proof. Now let (p* (c) G SNM(X) be an extremal class for some 
class c 6 iVi(y)]R. We want to prove that c G iVi(y)]R is an extremal class 
of SNM(Y). 

Let D G Eff(y) be an effective divisor class on Y. Together, Lemma 15.61 ii) 
and Theorem 12.111 give 

c -D = tpl(c) ■ y*{D) > 0, 

since f*(D) G A^ 1 (X)k is again effective. Theorem 12.111 again implies 
c G SNM(y). 



We choose arbitrary classes v,w G SNM(y) with v + iu G M+c. If 
Z)' G Eff(X) is an effective divisor class on X, then (p*(D') G N (Y)r is 
effective, too. As before, the projection formula and Theorem 12.111 guaran- 
tee 

tp*{v) ■ D' = v ■ <p*(D') > and tp\(w) ■ D' = w <p*{D') > 0. 



This implies <p$ (v), ip\ (to) G SNM(X). 

For a suitable A G M+ and an arbitrary divisor class D G A rl (X)]R, the 
following holds: 

= Ac • <p*(D) 
1531 



'A^(c)--D. 

We find (yjj(u) + G K+y3*(c) and ^i( c ) is an extremal class of 

SNM(AT) by assumption. This implies tp%(v), (p\(w) G R+yj|(c) and enables 
us to conclude the proof. 

Let D G iV 1 (y)]a be an arbitrary divisor class. For suitable fj,, fjf G R+, the 
following holds: 



~[5j2i) # , . */ \ * / p,N, E-Sh) ~ 

v ■ D = <pi{v) ■ if (D) = LupiK ) ' \P) = tic- D, 
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w ■ D = tpixw) ■ ip (D) = // (pi(c) ■ (p (D) = fi c • D. 



Hence v,w € M+c and c £ SNM(y) is an extremal class. □ 
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